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, $H_{Y}(v)$ , $v\in Y$ hook ( section2, 3). (1.1)
, $J$ . S. Frame, G. de B. Robinson, R. M. Thrall hook lengihformula
[2]
(1.2) $\#$STab$(Y)= \frac{(\# Y)!}{\prod_{v\in Y}\#H_{Y}(v)}$ .
, (D. Peterson, R. AProctor )generalized Young diagram
. , Peterson, Proctor
[11].
2. $(P;\leq)$ -PARTITIONS AND $(c;I)$-TRACE GENERATING FUNCTIONS
, $P=(P;\leq)$ .
Deflnition 2.1. $\sigma$ : $Parrow N=\{0,1,2, \cdots\}$ $(P; \leq)$-partition
.
$u\leq v\Rightarrow\sigma(u)\geq\sigma(v)$ , $u,$ $v\in P$
$(P;\leq)$-partitions A $(P;\leq)$ .
$I$ $c:Parrow I$ . , $I$ color-set, $I$
color, $c$ coloring . $q_{j}$ $i\in I$ . ,
$\sigma\in A(P;\leq)$ , $q_{j}$ $q^{\sigma}$ :
$q^{\sigma}:=\prod_{v\in P}q_{c(v)}^{\sigma(v)}$ .
, $q_{i}$ $T(P;\leq)$ :
$T(P; \leq):=\sum_{\sigma\in A(P;\leq)}q^{\sigma}$
.
$T(P;\leq)$ $(c; I)$-trace generatingfunction of$(P;\leq)$ .
Key words andphrases. Generalized Young diagrams, Tracc generating functions, q-hook formula, Kac-
Moody Lie algebra, P. MacMahon’s identity.
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Definition 2.2. $d$ $:=\# P$ . $L:\{1, \cdots, d\}arrow P$ ,
$(P;leq)$ linear extension .
$L(k)\leq L(l)\Rightarrow k\leq l$ , $k,$ $1\in\{1,$ $\cdots,$ $d|$ .
$(P;\leq)$ linear extensions $\angle(P;\leq)$ $-J_{1}^{\underline{p}}\succ$ .




Proposition 2.3 (R. P. Stanley [12]). $U(P;\leq)$ .
$U(P; \leq)=\frac{W(P;q)}{\prod_{k=1}^{d}(1-q^{k})}$ ,
, $W(P;q)$ $W(P;q)\in \mathbb{Z}[q]$ . , $W(P;1)=$
$\#\angle(P;\leq)$ .
3. CASE OF YOUNG DIAGRAMS
Definition 3.1. $Y:=\mathbb{N}\cross N$ .
$(i,j)\leq(i’,f)=i\geq i’$ and $j\geq f$ .
$Y$ orderfilterY Young diagram . FIGURE 3. 1(E) .
Deflnition 3.2. color-set $I:=Z$ . $v=(i,j)\in Y$ , color $c(v)$
.
$c(v):=j-i\in I$ .
FIGURE 3.1 . color $c(v)$ $v$ content .
FIGURE 3.1. a Young diagram and its coloring
Definition 3.3. $Y$ Young diagram , $v=(i,j)\in Y$ . $Y$ $H_{Y}(v)$
.
Arm $\gamma(v)$ $:=\{(i’,f)\in Y|i=i’$ and $j<f\}$ .
Leg$\gamma(v),:=\{(i’,j’)\in Y|i<i’$ and $j=f\}$ .
$H_{Y}(v)$ $:=\{v\}u$ Arm$Y(v)u$ Leg$Y(v)$ .
$H_{Y}(v)$ $Y$ $v$ hook . FlGURE 32 .
, :
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FIGURE 3.2. Hooks of $u$ and $v$
Theorem 3.4 (E. R. Gansner [3]). $Y=(Y;\leq)$ Young diagram .
$T(Y; \leq)=\prod_{v\in Y}\frac{1}{1-q^{H_{l}\langle v)}}$ ,
$q^{H_{Y}\langle v)}=\prod_{\iota’\in H_{Y}\langle v)}q_{c(u)}$ .
Remark 3.5. $(Y; \leq)$-partition reverse plane partition over $Y$ .
34 23 ,
Corollary 3.6.
$\frac{W(Y;q)}{\prod_{k=1}^{d}(1-q^{k})}=\prod_{v\in Y}\frac{1}{1-q\#H_{X}\langle v)}$ , $W(Y;q)= \frac{\prod_{k=1}^{d}(1-q^{k})}{\prod_{v\in Y}(1-q\})}$
. $q=1$ , 23 ,
Corollary 3.7.
$\#\mathcal{L}(Y;\leq)=\frac{d!}{\prod_{v\in Y}\#H_{Y}(v)}$
, Young diagram hook length formula [2].
4. CASE OF SHIFTED YOUNG DIAGRAMS
Definition 4.1. $S;=\{(i,j)\in N\cross N|i\leq j\}$ .
$(i,j)\leq(i’,f)=i\geq i’$ and $j\geq f$ .
@ orderfilter $S$ shifted Young diagram . FlGURE $4.1\not\subset$)
.




if $i=j$ and $i$ is even,
if $i=j$ and $i$ is odd,
$j-i$ if $i<j$.
FIGURE 4.1 ffi) . 2 color .
Deflnition 4.3. $S$ shifted Young diagram , $v=(i,j)\in S$ . $S$
$H_{S}(v)$ .
$A_{S}(v):=\{(i’,f)\in S|i=i’$ and $j<f\}$ .
$Leg_{S}(v):=\{(\cdot i’,f)\in S|i<i’$ and $j=j’\}$ .
$Tai1_{S}(v):=\{(i’,f)\in S|j+1=i’$ and $j<f\}$ .
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FIGURE 4.1. a shifted Young diagram and its coloring
$H_{S}(v)$ $:=\{v\}uA_{S}(v)uLeg_{s}(v)uTai1_{S}(v)$ .
$H_{S}(v)$ $S$ $v$ hook . FIGURE 4.2 .
FIGURE 4.2. Hooks of $u,$ $v$ , and $w$ .
:
Theorem 4.4 ([7]). $S=(S;\leq)$ shifted Young diagram .
$T(S; \leq)=\prod_{v\in S}\frac{1}{1-q^{H_{S}(v)}}$ . .
44 , $q_{0}$ $q_{\overline{0}}$ Gansner
:
Theorem 4.5 (E. R. Gansner [3]). $S=(S;\leq)$ shifted Young diagram
.
$T(S; \leq)|_{q_{\overline{0}}=q0}=\prod_{\nu\in S}\frac{1}{1-q^{H_{S}(v)}}q_{\overline{0}}=q_{0}$ .




$\frac{W(S;q)}{\prod_{k=1}^{d}(1-q^{k})}=\prod_{\nu\epsilon S}\frac{1}{1-q\#H_{S}(v)}$ , $W(S;q)= \frac{\prod_{k=1}^{d}(1-q^{k})}{\prod_{\nu\in S}(1-q\#H_{S}(v))}$
. $q=1$ , 23 ,
Corollary 4.8.
$\#\angle(S;\leq)=\frac{d!}{\prod_{v\in S}\#H_{S}(v)}$
, shifted Young diagram hook length formula [141.
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5.
5.1. Kac-Moody Lie algebra . $A=(a_{j,j})_{j},j\in I$ Kac-Moody Lle algebra $[5][6]$
(symmetrizable ) Cartan matrix . $\mathfrak{h}$ R-vector space, $\mathfrak{h}^{*}$ $\mathfrak{h}$
dual space , $\langle,$ $\rangle$ : $\mathfrak{h}^{*}\cross \mathfrak{h}arrow \mathbb{R}$ cannonical bilinear form .
$\Pi:=\{\alpha_{i}|i\in I\}\subset \mathfrak{h}^{*}$ $\Pi^{\vee};=\{\alpha_{i}^{\vee}|i\in I\}\subset \mathfrak{h}$ $\langle\alpha_{j},$ $\alpha_{i}^{\vee}\rangle=a_{j,j}$
. $\lambda\in \mathfrak{h}^{*}$ integral weight :
$\langle\lambda,$ $\alpha_{j}^{\vee}\rangle\in \mathbb{Z}$, $i\in I$ .
Integral weights $P$ . $i\in I$ , $s_{i}\in GL(\mathfrak{h}^{*})$ :
$s_{l}:\lambda\mapsto\lambda-\langle\lambda,$ $\alpha_{i}^{\vee}\rangle\alpha_{i}$ , $\lambda\in \mathfrak{h}^{*}$ ,
, $\{s_{i}|i\in I\}$ $W$ Weyl group , $\mathfrak{h}$ :
$\langle w(\lambda),$ $w(h)\rangle=\langle\lambda,$ $h\rangle$ , $w\in W,$ $\lambda\in \mathfrak{h}^{*},$ $h\in \mathfrak{h}$ ,
. root system (resp. coroot system) $\Phi:=W$ $($resp. $\Phi^{\vee}:=W\Pi^{\vee})$
. $\Phi_{+}$ $\Phi_{-}$ , $\Phi$ positive roots negative roots . $\beta\in\Phi$ dual $\beta^{\vee}\in\Phi^{\vee}$
:
$w(\beta^{\vee})=w(\beta)^{\vee}$ , $w\in W$
$\beta\in\Phi$ , $s_{\beta}\in W$ :
$s_{\beta}(\lambda)=\lambda-\langle\lambda,$ $\beta^{\vee}\rangle\beta$ , $\lambda\in \mathfrak{h}^{*}$ , or, equivalently, $s_{\beta}(h)=h-\langle\beta,$ $h\rangle\beta^{\vee}$ , $h\in \mathfrak{h}$ .
$w\in W$ , $\Phi(w)^{\vee}(\subseteq\Phi_{+}^{\vee})$ (inversion set ) :
$\Phi(w)^{\vee};=\{\gamma^{\vee}\in\Phi_{+}^{\vee}|w^{-1}(\gamma^{\vee})<0\}$ .
5.2. Generalized shapes.
Deflnition 5.1. $\lambda\in P$ pre-dominant , .
$\langle\lambda,\beta^{\vee}\rangle\geq-1$ , $\beta\in\Phi_{+}$ .
pre-dominant integral weights $P_{\geq-1}$ .
Deflnition 5.2. $\lambda\in P\geq-1$ , $D(\lambda)^{\vee}$ $\lambda$ shape .
$D(\lambda)^{\vee};=\{\beta^{\vee}\in\Phi_{+}^{\vee}|\langle\lambda,\beta^{\vee}\rangle=-1\}$ .
$\#D(\lambda)^{\vee}<\infty$ , $\lambda$ finite .finitepre-dominant integ’$\cdot$al weights
$P_{\geq-1}^{fin}$ .
5.3. Colors.
Deflnition 5.3. $\lambda\in P_{>-1}^{fin}$ . $d:=\#D(\lambda)^{\vee}$ . simple root f-l $=(\alpha_{i_{1}}, \alpha_{i_{2}}, \cdots, \alpha_{i_{d}})$
maximal $\lambda$-path , $L_{B}$ : $\{1,2, \cdots, d\}arrow\Phi^{\vee}$ $L(k)=s_{j_{}}\cdots s_{i_{k- 1}}(\alpha_{i_{k}})^{\vee}$
, $L_{B}$ {1, 2, $\cdots|$ $D(\lambda)^{\vee}$ . maximal
$\lambda$-path MPath$(\lambda)$ .
Proposition 5.4 ([7]). $\lambda\in P_{\geq-1}^{fin}$ . MPath$(\lambda)$ ..c $(D(\lambda)^{\vee})$ $B\mapsto L_{B}$
, MPath$(\lambda)$ $\mathcal{L}(D(\lambda)^{\vee})$ .
Proposition 5.5 ([7]). $\lambda\in P_{>-1}^{fin}$ . $\beta^{\vee}\in D(\lambda)^{\vee}$ . 5.4 , $B\in$ MPath$(\lambda)$
, $L_{B}(k)=\beta^{\vee}$ $k\in\{1,2, \cdots\}$ , , $i_{k}\in I$
$B\in$ MPath$(\lambda)$ .
Deflnition 5.6. $\lambda\in P\geq-1$ . $\beta^{\vee}$ $\in$ D$(\lambda$ $)$ . 55 $i\in I$ $D(\lambda)^{\vee}$




Definition 5.7. $\lambda\in P\geq-1,$ $\beta^{\vee}\in D(\lambda)^{\vee}$ . $H_{\lambda}(\beta^{\vee})$ .
$H_{\lambda}(\beta^{\vee}):=D(\lambda)^{\vee}\cap\Phi(s_{\beta})^{\vee}$ .
$H_{\{}(\beta^{\vee})$ $D(\lambda)^{\vee}$ $\beta^{\vee}$ hook . $\#H_{\Lambda}(\beta^{\vee})$ D$(\lambda$ $)$ $\beta^{\vee}$
hook-length . (See [8][71)
Theorem 5.8 ([7]). $\lambda\in P\geq-1$ . $\beta^{\vee}\in D(\lambda)^{\vee}$ . , .
$\gamma^{\vee}\in H.\text{ ^{}\vee})^{\alpha_{c_{\lambda}(\gamma^{\vee})}=\beta}$
.
5.8 , $\alpha_{i}\mapsto 1$ specialize 59 .
Proposition 5.9 ([8]). $\lambda\in P\geq-|,$ $\beta^{\vee}\in D(\lambda)^{\vee}$ . , .
$\#H_{\lambda}(\beta^{\vee})=ht(\beta)$ .
5.5. q-Hook formula for a generalized shape. $\lambda\in P_{>-1}^{fi\mathfrak{n}}$ . , simple roots
index set $I$ color-set , 5.5 $c_{\lambda}$ coloring .
colori $\in I$ $q_{i}$ . $q_{j}$ color variable .





Theorem 5.11 (q-hook formula of Gansner type [7]). $\lambda\in P_{\geq-1}^{fin}$ , .
$T( D(\lambda)^{\vee};\leq)=\prod_{\beta’ee\in D(\lambda)^{\vee}}\frac{1}{1-q^{H\lambda\beta^{\vee})}}$ .
5.11 , $q_{j}$ $q$ 5.12 .
Theorem 5.12 (q-hook formula of Stanley type [7]). $\lambda\in P_{\geq-1}^{fin}$ , .
$U( D(\lambda)^{\vee};\leq)=\prod_{\beta^{\vee}\in D(\lambda)^{\vee}}\frac{1}{1-q^{\#H.\sqrt{}\beta^{\vee})}}$.
Corollary 5.13. $\lambda\in P_{\geq-1}^{fin}$ , .
$W( D(\lambda)^{\vee};q)=\frac{\prod_{k=1^{\text{ }}}^{\#D(1)^{\vee}}(1-q^{k}.)}{\prod_{\beta^{\vee}\in D(\lambda)^{\vee}}(1-q^{\#H\phi^{\vee})})}$.
5.13 , $q\mapsto 1$ specialize 5.14 .
Theorem 5.14 (hook formula of Frame-Robinson-Thrall type [7]). $\lambda\in P_{\underline{>}-1}^{fin}$ ,
.
$\#\mathcal{L}(D(\lambda)^{\vee})=\frac{\#D(\lambda)^{\vee}!}{\prod_{\beta\in D(\prime 1)^{\vee}}\#H_{\lambda}(\beta\vee)}$.
Remark 5.15. 5.14 Peterson $s$ hookformula [1] . Peterson’s hook
formula [8] .
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Remark 5.16. Young diagram $A$ Lie , pre-dominant integral weight
shape . , shifted Young diagram $D$ Lie ,
pre-dominant integra[weight shape 1$|$ $|$ . generalized Young diagrams
, , R. A. Proctor (simply-laced case [101) $J$. R. Stembridge
(multiply-laced case [13]) . idefinite type .
6. STRICT PARTITIONS PRE-DOMINANT INDEGRAL WEIGHTS
Young diagram A Lie pre-dominant integral weight
), ( [9]
), , shifted Young diagram $D$ Lie pre-dominant integral
weight 9 .
$\lambda$ strict partition $(\lambda=(\lambda_{0}>\lambda\downarrow>\cdots>\lambda_{n}>0))$ . , $\lambda$ shifted
Young diagram ( shifted Young diagram $S_{\lambda}$ )
, $D_{\lambda_{\text{ }}+2}$ Dynkin :
– $-O^{\lambda_{0}}$
. node index .
, strict partition $\lambda$ pre-dominant integral weight .
$i=0,$ $\cdots,$ $n-1$ , $b_{i}$ :
$b_{i}:=\{\begin{array}{ll}-1 if i\in\{\lambda_{0}, \cdots, \lambda_{n}\}0 otherwise\end{array}$
$i=1,$ $\cdots,$ $n$ , $c_{i}$ :
$c_{j}:=\{\begin{array}{ll}1 if i-1\in\{\lambda_{0}, \cdots, \lambda_{n}\}0 otherwise\end{array}$
$\omega_{i}(i=\overline{0}, 0,1,2, \cdots)$ fundamental weight . integral weight $\lambda_{o}$ :
$\lambda_{o};=\{\begin{array}{ll}(b0+c_{0})\omega_{0}+\sum_{j=1}^{n}(b_{j}+c_{j})\omega_{i} if r \text{ }(b_{0}+c_{0})\omega_{\overline{0}}+\sum_{j=1}^{n}(b_{j}+c_{j})\omega_{i} if r F\text{ }\end{array}$
Proposition 6.1. strict partition $\lambda$ integral weight $\lambda_{o}$ . ,
(1) $\lambda_{o}\in P_{\geq-1}^{fin}$ .
(2) $D(\lambda_{o})^{\vee}$ $S_{\lambda}$ .
(3) (2) coloring section4 .
(4) (2) hook section4 .
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